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Abstract
In this paper, variational conclusions of set-valued bifunctions on convex subsets of Banach spaces are
investigated and several new results are obtained. The results are applied to the fixed point theory and vari-
ational inequalities. We obtain two fixed point theorems and existence theorems of solutions of variational
inequalities.
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1. Introduction
As is well known, Ky Fan’s inequality is used widely in many aspects of nonlinear analysis
(e.g., see [1–3]). Recently, many new versions of Ky Fan’s inequality for set-valued or single-
valued mappings have been obtained and also applied to variational inclusion theory, fixed point
theory, contingent derivative, optimal and equilibrium theory, minimax inequality problems and
complementarity, etc. (see [4–8,10–14]). The classical Ky Fan’s inequality demands domain of
the function involved to be a convex compact set. A kind of noncompact sets called σ -compact
sets are defined and some generalized KKM theorems on σ -compact sets are obtained and ap-
plied to minimax inequalities, variational inclusions, fixed point theory and n-person game theory
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clusions, equilibrium problems for pseudomonotone bifunctions (see [11,15–17]).
Inspired and motivated by the results mentioned above, in this paper, we first investigate vari-
ational conclusions of set-valued bifunctions on convex subset without compactness and some
special cases of them. Then, by the results obtained, we show two fixed point theorems and
existence of solutions of some variational inequalities.
The main purpose of Section 3 is to present a set-valued version of Ky Fan’s inequality and
its corollaries after preliminaries in Section 2. By this set-valued version, we give two variational
inequalities and two fixed point theorems. In Section 4, we prove existence theorems of solutions
of variational inequalities.
2. Preliminaries
Let X be a real normed vector space with topological dual X∗, and 〈·,·〉 be the duality pairing
between X and X∗. If K is a nonempty subset of X, we always assume that ϕ :K × K → R is
a given function. We recall that the domain of an extended-real-valued function f :X → R :=
R∪{+∞} is the set where it is finite and is denoted by dom(f ), i.e., dom(f ) := {x ∈ X: f (x) <
+∞}. A function f :X → R is said to be lower semi-continuous (lsc) at x0 ∈ dom(f ) if for all
λ < f (x0), there exists η > 0 such that
λ < f (x), ∀x ∈ B(x0, η).
We say that f is lsc if it is lsc everywhere in its domain. A function f is said to be upper semi-
continuous (usc) if −f is lsc. We also recall that a function f :X → R is lower semi-continuous
at x0 if and only if
f (x0) lim inf
x→x0
f (x).
Let Y be another normed vector space and F :X → 2Y be a set-valued map. We denote
dom(F ) := {x ∈ X: F(x) 
= ∅} for the domain of F . If A is a subset of X then F(A) :=⋃
x∈A F(x), and if B ⊂ Y then F−1(B) := {x ∈ X: B ∩ F(x) 
= ∅}. A set-valued map F :X →
2Y is said to be lower semi-continuous (lsc) at x ∈ dom(F ) if and only if for any y ∈ F(x)
and for any sequence of elements xn in X converging to x, there exists a sequence of elements
yn ∈ F(xn) converging to y. The set-valued map F is said to be upper semi-continuous (usc) at
x0 ∈ X if and only if for any neighborhood U of F(x0), there exists η > 0 such that for every
x ∈ BX(x0, η), a neighborhood of x0, we have F(x) ⊂ U . F is said to be lsc (respectively usc)
on a subset A ⊂ X if it is lsc (respectively usc) at every point in A ∩ dom(F ). The set-valued
map F is said to be continuous on a subset A ⊂ X if it is lsc and usc on A.
We also denote by (K) the family of all nonempty finite subsets of K . A set-valued map
F :K → 2X is called a KKM map if for each A ∈ (K) then convA ⊆⋃x∈A F(x). Let C be
a nonempty set. F : C → 2X is said to be transfer closed-valued if for any (y, x) ∈ C × X with
x /∈ F(y), there exists y0 ∈ C such that x /∈ clX F(y0) (see [11,18]). We can easily show this
definition is equivalent to saying that⋂
y∈C
F(y) =
⋂
y∈C
clX F(y).
We call F :K → 2X transfer closed-valued on K if the set-valued map y → F(y)∩K is transfer
closed-valued. We will use the theorem below (see [11, Lemma 2.1]) in the sequel.
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G :K → 2K be a set-valued map such that
(i) G is a KKM map;
(ii) for some A0 ∈(K), clK(⋂x∈A0 G(x)) is compact;(iii) for each A ∈(K) with A0 ⊆ A, G is transfer closed-valued on convA;
(iv) for each A ∈(K) with A0 ⊆ A,
clK
( ⋂
x∈convA
G(x)
)
∩ convA =
( ⋂
x∈convA
G(x)
)
∩ convA.
Then
⋂
x∈K G(x) 
= ∅.
The normalized duality mapping J : X → X∗ is defined by
J (x) = {x∗ ∈ X∗: 〈x∗, x〉= ∥∥x∗∥∥‖x‖ = ‖x‖2}, ∀x ∈ X,
where we understand that ‖J (x)‖ is the X∗ norm and ‖x‖ is the X norm. In the following, we
will use the next property of the operator J .
Lemma 2.1. J is a continuous operator in smooth Banach spaces.
Let the function V :X∗ × X → R be defined by the formula:
V
(
x∗, x
)= ∥∥x∗∥∥2 − 2〈x∗, x〉+ ‖x‖2.
Obviously V (x∗, x) is continuous on X∗ × X. We also need the following definition and the
theorem.
Definition 2.1. (See [19, Definition 6.2].) Operator πK :X∗ → K is called the generalized pro-
jection operator if it associates with an arbitrary fixed point x∗ ∈ X∗ the minimum point of the
functional V (x∗, x), i.e., a solution to the minimization problem
V
(
x∗,πKx∗
)= inf
x∈K V
(
x∗, x
)
.
Theorem 2.2. (See [19, Theorem 8.1].) Let T be an arbitrary operator from the Banach space X
to X∗, α an arbitrary fixed positive number, ξ ∈ X∗. Then the point x ∈ K ⊂ X is a solution of
the variational inequality
〈T x − ξ, y − x〉 0,
for all y ∈ K if and only if x∗ is a solution of the operator equation in X
x = πK
(
Jx − α(T x − ξ)).
3. Set-valued versions of Ky Fan’s inequality with applications to fixed point theory
In this section, we present a set-valued version of Ky Fan’s inequality and several corollaries
and applications of it.
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of X, M a closed set in Y and let F :K × K → 2Y be a set-valued mapping with nonempty
values. Suppose that
(i) for each finite set {y1, y2, . . . , yn} ⊂ K , conv{y1, y2, . . . , yn} ⊂ {x ∈ K: ∃i = 1,2, . . . , n,
F (x, yi) ⊆ M};
(ii) there exist a nonempty compact subset U of K and A0 ∈ (K) such that for every x ∈
K \ U , there exists y ∈ A0 satisfying
F(x, y) ∩ (Y \ M) 
= ∅;
(iii) for each A ∈(K) with A0 ⊆ A, any (x, y) ∈ convA×convA with F(x, y)∩ (Y \M) 
= ∅,
there is y0 ∈ convA such that
x /∈ clK
{
x ∈ K: F(x, y0) ⊆ M
};
(iv) for each A ∈(K) with A0 ⊆ A, any x, y ∈ convA and {xα} is a net in K converging to x,
the implication holds:
if F (xα, tx + (1 − t)y)⊆ M, ∀t ∈ [0,1], then F(x, y) ⊆ M.
Then there exists x ∈ K such that F(x, y) ⊆ M , for all y ∈ K .
Proof. Define G :K → 2K , by
G(y) = {x ∈ K: F(x, y) ⊆ M}, y ∈ K.
From the assumption (i), we know G is a KKM mapping. We can easily prove clK(
⋂
y∈A0 G(y))
is compact. Indeed, if x ∈⋂y∈A0 G(y), then x /∈ K \ U . Since, if x ∈ K \ U , then there would
exist y0 ∈ A0 such that F(x, y0)M , which is contradicting with x ∈⋂y∈A0 G(y). So we have⋂
y∈A0 G(y) ⊆ U , and so clK(
⋂
y∈A0 G(y)) ⊆ U . On the other hand, U is compact. So is the
clK(
⋂
y∈A0 G(y)). By the assumption (iii), G is transfer closed-valued on convA.
Finally we show for each A ∈(K) with A0 ⊆ A,
clK
( ⋂
x∈convA
G(x)
)
∩ convA =
( ⋂
x∈convA
G(x)
)
∩ convA.
For each A ∈(K) with A0 ⊆ A, if
x ∈ clK
( ⋂
x∈convA
G(x)
)
∩ convA,
then x ∈ convA and there exists a net (xα) converging to x such that
F(xα, y) ⊆ M, ∀y ∈ convA.
Hence,
F
(
xα, tx + (1 − t)y
)⊆ M, ∀y ∈ convA, ∀t ∈ [0,1].
Therefore, from then assumption (iv), we know
F(x, y) ⊆ M, ∀y ∈ convA,
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( ⋂
x∈convA
G(x)
)
∩ convA.
Thus, by Theorem 2.1, we have
⋂
y∈K G(y) 
= ∅, i.e, there exists x ∈ K such that F(x, y) ⊆ M ,
for all y ∈ K . 
Corollary 3.1. Let K , X, Y , M and F be the same as in Theorem 3.1 and suppose that the
conditions (i) and (ii) hold. If
(iii) for every x the set valued map y → F(x, y) is lsc on K ,
then the conclusion also holds in Theorem 3.1.
Proof. Since M is closed and the set-valued map y → F(x, y) is lsc on K , the set-valued map
G(y) = {x ∈ K: F(x, y) ⊆ M} has closed values (see [1, Proposition 1.4.4]). So the condi-
tions (iii) and (iv) in Theorem 3.1 hold. The proof completes. 
Remark 3.1. Some researchers obtained different set-valued versions of Ky Fan’s inequality by
using the classical Ky Fan’ lemma, see [4,5]. Here we give another result known as a set-valued
version of Ky Fan’s inequality.
Corollary 3.2. Let K be a nonempty convex subset of a real normed vector space X and
f :K × K → K be a function such that
(i) for every x ∈ K the map y → f (x, y) is concave;
(ii) supx∈K f (x, x) = m < +∞;
(iii) there exists a nonempty compact subset U of K and A0 ∈ (K) such that for every y ∈
K \ U , there exists x ∈ A0 satisfying f (x, y) > m;
(iv) for each A ∈ (K) with A0 ⊆ A, any (x, y) ∈ convA × convA with f (x, y) > m, there
exists y0 ∈ convA such that
x /∈ clK
{
x ∈ K: f (x, y0)m
};
(v) for each A ∈(K) with A0 ⊆ A, any x, y ∈ convA and {xα} a net on K converging to x,
the implication holds: if f (xα, tx + (1 − t)y)m, then f (x, y)m.
Then there exists x ∈ K such that f (x, y)m, for all y ∈ K .
Proof. Let Y = R, F = f , M = (−∞,m]. We can easily show that the conditions of the above
theorem are satisfied. The proof completes. 
Remark 3.2. If for every y ∈ K , x → f (x, y) is lsc on K , then the condition (iv) holds. Since if
f is lsc in x on K , then f has closed sublevel sets, i.e., the set {x ∈ K: f (x, y)m} is closed
for every y ∈ K . So we have the following important corollary in our discussion.
Corollary 3.3. Let K be a nonempty convex subset of a real normed vector space X and
f :K × K → K be a function such that
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(ii) for every x ∈ K the map y → f (x, y) is concave;
(iii) supx∈K f (x, x) = m;
(iv) there exists a nonempty compact subset U of K and A0 ∈ (K) such that for every y ∈
K \ U , there exists x ∈ A0 satisfying f (x, y) > m.
Then there exists x ∈ K such that f (x, y)m, for all y ∈ K .
Theorem 3.2. Let K be a nonempty convex subset of a real normed vector space X and let
f :K → K be a continuous mapping. If there is a nonempty compact subset U of K and A0 ∈
(K) such that for every y ∈ K\U there exists x ∈ A0 satisfying∥∥x − f (x)∥∥> ∥∥y − f (x)∥∥,
then there exists x ∈ K such that x = f (x).
Proof. We set
ϕ(x, y) = −∥∥y − f (x)∥∥+ ∥∥x − f (x)∥∥, ∀x, y ∈ K.
Then for every (x, y) ∈ K × K , ϕ(x, y) is continuous and for every x ∈ K , ϕ(x, y) is concave
with respect to y ∈ K , i.e., the conditions (i), (iii) and (iv) of Corollary 3.3 are satisfied. So there
exists x ∈ K such that ϕ(x, y) supx∈K ϕ(x, x) = 0, for all y ∈ K .
We take y = f (x), then ‖x − f (x)‖ 0, which implies x = f (x). 
Remark 3.3. In [11, Theorem 3.1], Fuchun Yang, Congxin Wu and Qinghai He obtained a similar
result under the condition that K is a σ -compact convex subset of finite dimensional real normed
vector space X. This result generalized the corresponding result in [11].
Example. Assume X = R, K = [0,3), f :K → K , f (x) = 1 + x, where 0  x < 1; f (x) =
3 − x, where 1  x < 3. By taking U = [0,2], A0 = {1}, the conditions of Theorem 3.2 are
satisfied and x = 1.5 is a fixed point of f .
Now let us consider the set-valued map: F :K ⊂ X → 2X , X being a metric space and a
function f : Graph(F ) → R. The marginal function g :K → R ∪ {+∞} is defined by
g(x) = sup
y∈F(x)
f (x, y).
We need the following result in [1].
Lemma 3.1. (See [1, Theorem 1.4.16].) Let F :K → 2X be a set-valued map and a function
f : Graph(F ) → R. Then
(i) if f and F are lsc, so is the marginal function;
(ii) if f and F are usc, and if the values of F are compact, so is the marginal function.
Theorem 3.3. Let K be nonempty convex subset of the normed space X, G :K → 2X be a
continuous set-valued map with nonempty compact convex values and K ⊆ G−1(K). If there
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there exists x ∈ A0 such that
dist
(
x,G(x)
)
> dist
(
y,G(x)
)
,
then G has a fixed point x ∈ K ∩ G(x).
Proof. We define the function ϕ :K × K → R by
ϕ(x, y) = −dist(y,G(x))+ dist(x,G(x)).
Applying Lemma 3.1 to f (x, y) = −‖x − y‖ and F = G, we obtain that g(x) = −dist(x,G(x))
is continuous on K . The continuity of the function x → dist(y,G(x)) for y fixed can be proved
analogously, adapting the proof of Lemma 3.1. So the function x → ϕ(x, y) is continuous on K
for any fixed y ∈ K . Since the function y → dist(y,G(x)) is convex for all x ∈ K , we have that
the function y → ϕ(x, y) is concave. From Corollary 3.3, we have x ∈ K such that
ϕ(x, y) = −dist(y,G(x))+ dist(x,G(x)) sup
y∈K
ϕ(y, y) = 0
for all y ∈ K . Since K ⊆ G−1(K), i.e., for all y ∈ K , G(y)∩K 
= ∅, we may choose an element
y ∈ G(x) ∩ K . So we obtain that dist(x,G(x)) 0. Therefore x ∈ G(x). 
4. The existence of solutions of variational inequalities in Banach spaces
In this section, we investigate the existence of solutions of a variational inequality on convex
subsets in Banach spaces.
Theorem 4.1. Let K be a nonempty closed convex subset of a real smooth Banach space X with
the dual space X∗ and T :K → X∗ be a continuous mapping. If there exists A0 ∈ (K) such
that {
x ∈ K: V (Jx − α(T x − ξ), x) V (Jx − α(T x − ξ), y), ∀y ∈ A0}
is compact, where ξ ∈ X∗ and α is an arbitrary positive constant, then there exists x ∈ K such
that
〈T x − ξ, y − x〉 0,
for all y ∈ K .
Proof. Define G :K → 2K by
G(y) = {x ∈ K: V (Jx − α(T x − ξ), x) V (Jx − α(T x − ξ), y)}.
Since T is continuous and J is also continuous by Lemma 2.1, the function V is continuous. So
for every y ∈ K , G(y) is nonempty and closed. It follows from the proof of [7, Theorem 2.1]
that G is a KKM mapping on K . From the assumptions we also know that the set
clK
⋂
G(y) =
⋂
G(y)y∈A0 y∈A0
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orem 2.1 is also satisfied. Since G(y) and convA are closed, for each A ∈(K) with A0 ⊆ A,
we have⋂
y∈convA
(
G(y) ∩ convA)= ⋂
y∈convA
clK
(
G(y) ∩ convA).
This means the mapping
y → G(y) ∩ convA
is transfer closed-valued on K .
For each A ∈(K) with A0 ⊆ A, we also have
clK
( ⋂
y∈convA
G(y)
)
∩ convA =
( ⋂
y∈convA
clK G(y)
)
∩ convA.
Therefore
⋂
y∈K G(y) 
= ∅ by Theorem 2.1. Then there exists at least one x ∈
⋂
y∈K G(y), this
is
V
(
Jx − α(T x − ξ), x) V (Jx − α(T x − ξ), y),
for all y ∈ K .
From the definition of the generalized projection of operator πK we obtain
x = πK
(
Jx − α(T x − ξ)).
Thus,
〈T x − ξ, y − x〉 0, ∀y ∈ K,
by Theorem 2.2. 
Remark 4.1. The variational inequality in Theorem 4.2 has been studied by many authors (see
[6,19–22]). Here we give another result. From this theorem, we obtain Theorem 2.1 in [6].
Corollary 4.1. Let K be nonempty closed convex subset of real smooth Banach space X with the
dual space X∗ and T :K → X∗ be a continuous mapping. If there exists y0 ∈ K such that the
subset{
y ∈ K: 2〈Jx − α(T x − ξ), y0 − x〉+ ‖x‖2  ‖y0‖2}
of K is compact, where ξ ∈ X∗ and α is an arbitrary positive constant, then there exists x ∈ K
such that
〈T x − ξ, y − x〉 0,
for all y ∈ K .
Proof. We only need to notice
G(y) = {x ∈ K: 2〈Jx − α(T x − ξ), y − x〉+ ‖x‖2  ‖y‖2}.
All of the conditions of Theorem 4.2 are satisfied. 
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